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Multiple-Frequency Operation of Y-Junction
Circulators Using Single-Mode Approximation

E. R. BERTIL HANSSON anD K. GUNNAR FILIPSSON

Abstract—The conditions for a Y-junction circulator to operate within
more than one frequency band are studied. By taking into account only the
dominant resonance mode at each circulation frequency, explicit expres-
sions are obtained which define the properties of the circulator. The results
are presented in diagrams and tables which enable rapid evaluation of
obtainable performance for some of the most important mode combina-
tions. The validity of the results are experimentally verified.

I. INTRODUCTION

T IS A WELL-KNOWN FACT that higher order

mode operation of Y-junction circulators is possible if
the proper adjustments to the circulation conditions are
made [1]. The possibility of obtaining circulation at two
frequencies using different dominant modes was also dis-
covered early [2], [3]. Recently, the double circulation
frequency operation has been discussed by Nagao [4]. By
using Y junctions loaded with dielectric-ferrite com-
posites, he demonstrates the possibility to achieve broad-
band circulation with the modes 1 and A according to
Davies and Cohen [5].

In this paper the approximation of taking into account
only the dominant mode is applied. Thereby, it has been
possible to find an analytic solution to the equations
which for given mode combinations describe the circula-
tion conditions at the different center frequencies. The
results are expressions defining, for instance, the satura-
tion magnetization of the material and the bias field to be
used when the circulation frequencies are given. A new
relation which gives the loaded Q values of the junction
for different modes is obtained. Explicit expressions are
presented which define the properties of the circulator and
conditions which have to be satisfied for an arbitrary
number of circulation frequencies.

II. THEORY

A. Conditions for Circulation and Relations for the Input
Impedance

The impedance matrix of a loss-free rotationally sym-
metrical three-port junction can be written

Zn le _ZJ
[Z]= —Z3 Zy Z, (1)
le _Zlg le
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In the case of a junction circulator, the elements of the
matrix can be expressed as [6]

o0

2 Z,

n=—ow

Zy= (2)

[o.0]
Z,= 2 Zn‘ejzmr/3 (3)

n=—o0
where
, Z, sin*(n¥)J, (kR
fymjr Ze ST, (KR) @
Zman*¥ [ J,(kR)~(xn/pkR)J (kR)]
and

J,(kR)= Bessel function of the first kind

k=wV €€ pt, = radial wave propagation constant

R = radius of the junction
W = half the coupling angle

Z, =V po ./ €o€; = intrinsic wave impedance of the

ferrite
Z;= \/m = intrinsic wave impedance of the
surrounding material
€;= specific permittivity of the ferrite
¢, = specific permittivity of the surrounding material
p, = (u?—«?)/n= specific permeability of the ferrite
1, = specific permeability of the surrounding material
1, k= elements of the Polder tensor of the ferrite.
For small magnetic splitting, it is often justified to make
the approximation of taking into account only the domi-
nant mode pair for describing the properties of the junc-

tion close to resonance [6]. The approximate expressions
for Z,, and Z,, are under these conditions

Z]l=Zn+Z~n (5)
lezZnej2n7r/3+Zﬁne—12mr/3 (6)
or expressed in the original variables
Z,,=jZ,J,(kR) (7
Kn .
Z,= an[ ~ xR n(kR) sin 2 /3)
+jJ)(kR) cos 2nm/3)| (8)
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where

27, sin(n¥)J,(kR)
denZ\Ir{J,:(kR ) [ —II'—C;EJ,,(kR)r}

The conditions for circulation are found from (1), assum-
ing the third-port isolated

an = (9)

2

Ziy _
Z,+ 7 =1 (10)
which with (7) and (8) gives

kR=X (1)

27, sin*(n¥)u .
<" Xsin 2nn/3)=1, 12
oz (2nm/3) (12)

n#0,3,6,---

where X is the mth solution of J(X)=0.

With the opposite circulation direction, we get, corre-
spondingly, the left-hand side of (12) equal to minus one.
Thus the circulation direction is given by the sign of [sin
@nm/3) /K.

The exact expression for the normalized input imped-
ance Z,,, using (1), is [1]

Zh—=Z*5+22,Z,3(Z,,+1)
(Z,+1)+Z,23

Inserting Z,, and Z,, according to (7) and (8) into (13),
and observing that near the circulation points |[Re {Z;,}|
is close to 1 while Z,, and Im {Z,} are close to zero, we
get

V4

=Z,+ (13)

mn

Z,~Zy, (14)

or
Zz~—Zs3 (15)

depending on the circulation direction. These relations are
exact at circulation and good approximations in a close
vicinity of circulation. They will be used to derive the
loaded Q value of the junction related to different reso-
nance modes.

B. Design for Double-Frequency Circulation

The conditions for circulation at the frequencies f; and
£, are, by using (11) and (12),

27f, Vegto b R=X,  (16)

2, Veona, R=X,  (17)

22,y sint(m ¥ X, sin @n,m/3)=S,  (18)
7Z,n3 ¥,

22, sin(na¥)iy X, sin 2nym/3)=S,  (19)

7Z,n3 ¥k,

where the indexes 1 and 2 are related to the first and the
second circulation, respectively, and S(=1 or —1) defines
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the circulation direction. If we divide (17) by (16), and
(19) by (18), we get

&=ﬁ‘ /@
h X He2

(20)
and
Xon sin®(ny¥) ok, sin (2mym/3) [ e pay _
X3 sin®(n,¥) p i, sin 2nym/3) ¥ Mot a2 2
21

where S, ,=35,/S,. For small ¥, (21) can be reduced to

X2n1 ’.L2K1 Sln (2”2'”/3)
X 1, Ky sin 2nym/3)

He2 M1 ~S, 5
Me1 Pa2

(22)

It can be noticed that S, ,=1 means equal circulation
directions while §; ,= —1 means opposite ones.

We will now introduce the frequency dependence of the
variables in (20) and (21). Generally, it is possible to use
expressions for the tensor permeability parameters which
include the behavior in the partially magnetized state [7],
[8]. For the purpose of simplicity, however, we will here
treat only the case when the material is magnetically
saturated. In the lossless case, the elements p and « of the
permeability tensor are then given by [9]

St
nu‘1,2= +f02_f(.)12,2 (23)
I,
K1,2=f"_'02_1f'122’2' (24)

where f,=yM,/2n and fy=vyH;/27 with y being the
gyromagnetic ratio, M, the saturation magnetization of
the ferrite, and H, the internal dc field intensity.

The effective permeability can then be expressed as

P Vi oY
b St fotu— Sl

By using (23)-(25), it is possible to solve the equation
system (20) and (21) with regard to f,, and f,, thereby
stating the requirements on the saturation magnetization
and internal field intensity for circulation at the frequen-
cies f, and f,. For a surrounding material with frequency-
independent properties, we get

(25)

242
l1—a),B8,, (Bra—a)fih
2 2 2 2
fi— a2 Biafi Bi2fi—aysfi

Bl,z[fz‘"‘(l + 0‘%,2)f12 22+ af,2f14]
\/(1 —Qy 5 Bl,z)(fzz_ Q32 Blzf12) (:Bl,zfzz_ al,zflz)

Jo=

(26)

@7
and for ferrite surrounding, i.e., Z;; ;=2 5,
f,= fZ_Bl,2a%,2f1 . (f2_:81,2f1)f1f2 (28)
° f23_,31,201i2f13 fl_Bl,ZfZ .
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7= Bio[ = (1+ai )f? 22+a12,2f14]
\/(fz - .31.20‘12,2f1)(f23 - B],zaizf?) ( Biof— 1)
(29)
where
X
&= 7? (30)
B=S X3 sin’(n,¥) sin (2n,7/3) 31

2 X,nl sin®(n,¥) sin 2n,7/3)

Conversely, (20) and (21) can be solved with regard to f,
and f,. The relations obtained for frequency-independent
surrounding material properties are

s ___{ Jotfm
1 2a1,2ﬁ1,2(:81,2_a1,2)

[ ,31,2(20‘1,231,2— 1- 0‘%,2)f0

1/2
(a2 81— (B2~ ), iA]} (32)

h= { T[{:);j—r;r; [(BratBrz0t2=2a10)fy

1/2
_(01,2181.2“1)(:31,2_0‘1,2)fmi/4]} (33)

where plus or minus signs should be chosen depending on
the relation between the frequencies, and

A= { [ :81.2(0‘12,2_ l)fo—(“l.z :31,2_ 1)(/31.2_ 0‘1,2)fm]2
'“4,31,2(0‘1,2,81.2_1)(,31,2—“1,2)f0fm}1/2- (34)

The expressions (32)-(34) determine the circulation
frequencies obtainable for a given internal field intensity
and a material with specified saturation magnetization.
The design of the double-frequency circulator is then
easily completed. R can be solved from (16) or (17) giving

Xy,
R= 2 . (35)
277f1,2 V €€rllo ey, 2

V¥ is obtained from (18) or (19), whereby the influence on
Bi,, in (31) must be taken into account:

. 5 3
sin“(n; ,¥) _ TL ;1,251,210 >
=S, _ )
¥ 2Z,) 22Xy 2 SID (2R 5/ 3)

(36)

A first-order approximation of the substrate thickness 4 in
the junction is simply obtained, neglecting the stray fields
at the ports. We then get

Z h

P

Z.  Nyw

wp

(37)

where Z, and Z,, are the input impedance and wave
impedance, respectively, at circulation, N, =1 for micro-
strip and 2 for stripline, and the coupling width w is given
by w=2R sin ¥. This gives
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h=2NpRsin¥Z,/Z, . (38)

Assume that a double-frequency circulator is matched to
the characteristic impedance Z, of the surrounding
network, given by an expression similar to (37):
Zy h
Z, Npw’
As Z,,(f)=Z, according to (18) and (19) and the match-
ing requires that Z,(f)=2Zyf) for i=1,2, we find from
(38) and (39) that A(f,) = h(f,). This result is, in fact, valid
for TEM propagation, that is, when the right-hand sides
of (37) and (39) are given by an arbitrary function f(w /h).

C. Derivation of the Loaded Q Value

Defining Z,, (f)=R,, () +/jX,, (f), the loaded Q value
is obtained by [10]

(39)

f; dXin
Q=5 —n

2Rin (fc) df f=f.
where f, is the resonance frequency. As shown above, see
(®). (9), (14), and (15), Z,, in the vicinity of f, can be
written

(40)

Z, sin?(n¥) X X|plJ(X
— eSln (r; ) !lu‘l(-\/g_ llu’l n( )) (41)
wZ 0|k n|klJ,(X)
where in (9) it has been taken into account that J/(X)? is
negligible compared with [kn/ uXJ (X ) close to reso-

nance. By using the relation J;(X)=0 at f. according to
(11), we get

mn

ax sin(n¥) | Z, [ u\2 1
—m =— L "/ Ze (D) (x2 _ayyi—
af |p=s an’\r Zd(K)( ") A
1 d
+— =V, . (42
Vi, 47 H w

Insertion of (42) into (40) with p, according to (25) finally
gives

" 2vEa I [(fm +£) _fcz] [ fo(ftfo) _fcz]
(43)
By neglecting the frequency variation of p,, we get
_X2=n |y m
o= VA I *

which for the (1,1) mode coincides with earlier published
results [6]. The improvement of the accuracy achieved by
(43) compared with (44) is, however, often not negligible.

D. Hlustration of Solutions for Double-Frequency Circula-
tion

By using the relations (26), (27), (35), (36), and (43), we
have calculated designs for double-frequency circulators.

The solutions for some of the lower order mode combina-
tions are shown in Fig. 1(a)—(f).
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Fig. 1. Diagrams for design of double-frequency circulators using some of the lower order mode combinations. Normalized values are given for (a)
diameter (D), (b) coupling width (w), (c) resonance frequency (fo=vH,/2%), and (d) equivalent saturation magnetization frequency
(f,,=YM, /2m). In (e) and (f) are shown loaded Q values for the circulations. Solid lines correspond to equal circulation directions, while dashed
lines indicate opposite ones. For f, in gigahertz, the dimensions are given in millimeters. ¢,m 14.0;¢,=10.0.
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E. Conditions for Circulation at More than Two Frequen-
cies

By generalizing the indexes introduced in Section II-B
above, related to the circulations, the conditions for multi-

ple-frequency operation can be derived analogously to
(20) and (21):

h____ X1+1-‘ ’ M (45)
fx XI :u’ei+l
Xi+ln13 Sinz(nt+l\1,)nu‘z+l’€i Sin (2n1+177/3)
X1n13+l sinz(n,‘I’)p,,x,H Sin (zni7/3)
Py + 1 Mai
Vot =5 (@)
Hogy By + 1 A (

where i=1,2,-+-,n—1, and n is the number of circulation
frequencies. Thus for » circulation frequencies, we get a
system with 2(n— 1) equations stating the conditions to be
satisfied. Comparison with the double-frequency solution
shows that (45) and (46) imply the following generalized
versions of (26) and (27) for frequency-independent
surrounding material properties:

f_\/ l_ai,H-l 1,i+1
0 2 2
fi+1_0‘:,f+1 1,i+1fi

. (Brisr— e DS

2
Bi,i+1f12+l_ai,z+lj;

(47)

,3,,,+1[ =1+ o, )f i2+1+ax,;+1fz4]
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TABLE 1
TRIPLE-FREQUENCY CIRCULATORS FOR SOME OF THE LOWER
ORDER MODE COMBINATIONS

DF1 WF1 HF1 F1 F2 F3 Fo M Q Q2 Q3
e | 12- 122+ 42,713 73| 39311 1345|417 2.17] 370 8.72] 52.4 |51 3
T+ 12- th2-f 4o 515 14| 4,31 | 377 (6021274 .618| 5 76] ho 7| 4b.3
12+ [ 12- § 22-| 101 18.3(15.4 |1 1.62 |1 871 1.08] 269 26.3]42.6[ 329
12+ 112- { 42-198 2119 1116 0|1 1.69|2.53 (1 07| .318} 23.8] 40.2 | 34.9
124 {12- 1524199 21 18.8115 8 1. 1.66|2 80 }1 07| .301}24.7] 41.0] 40 6
21~ |12+ | 12-1 70 8110.2 [ 8 57 1. 1.54 2.2k | 1.68| .245] 7.53} 35.6 | 51.7
21- |12+ |22+ 71 b{9 19| 7.71 |1 15672.5811 73 233 8.37}37.7( 42.9
21- | 12- [ 22+4] 67.3 113 7 11.511 {250,2.85]1.71| k25! 5 26} 44.3] 31.9
DF1, WF1, HF1 tn (mm)
Fl, F2, F3, FO, FM 1n (GHz)
(+) and (~) indicate the direction of circulation
£(=M0,cd:10.0

conditions and unknowns. The conditions for triple-
frequency circulation is thus obtained by application of
(47) and (48) to a double-frequency circulation at f; and
JS(i=1) and another one at f, and f,(i=2), observing that
fo and f,, must coincide. The solution is

f,= [ 0‘1,2(1 M3 .82.3)(0‘1,20‘2,3 - ,81,2 .32,3)
g (1-ay, 51,20‘2,332,3)(‘12,3—32,3)
fi= [

172
} 5, (1)

0‘1,20‘2,3(1 — 03 32,3)(0‘1,2_ 31,2)

(1- a2 .31,2)(0‘2,3_ :32.3)

172
} .52

(48)

Jn=
\/(1 — ;41 Biie 1)(f12+1 T4 x,z+1fi2) (Bx,i+l.f;2-f—l - “z,iﬂﬁz)

where i=1,2,---,n—1. a;,;,, and B, ., are defined in
accordance with (30) and (31):

X.
Qi1 < 'TH (49)
X;n?, , sin®(n,¥) sin 2n,7/3)
Bx,i+l=Si,t+1 +1 / (50)

X on} sin®(n; W) sin (2, 7 /3) '

1

The right-hand sides of (47) and (48) state 2(n —2) condi-
tions on the » circulation frequencies. By inspection of
(47) and (48), it is, however, evident that a scaled solution
is still a solution. Thus one frequency can always be
specified, and the number of frequencies to be determined
is, in fact, n—1. For n=3 we have an equal number of

This result establishes the fact that each combination of
operating states corresponds to exactly one specified set of
normalized circulation frequencies.

By using the theories given above, triple-frequency
circulators have been designed for some of the lowest
order mode combinations. The result is shown in Table I.

For n greater than three, the system (47) and (48) is
overconditioned. Solutions are, however, possible for such
mode combinations which increase the linear dependency
of the equations. Circulation at n frequencies can thus be
obtained by applying (51) and (52) to all combinations
fi-vf;i=3,4,-- - ,n. We then get double specifications on

f= Q210 I,i(l - ai~l.i18i—1,i)(at—2,x—1 - :31'—2,1'—1)
' (1_az—Z,i—lﬂi—2,1—1)(ai—-1,i_I81—l,i)

and

J; according to
1/2
= (53)

Q;_ 1,1(1 & iv15i+ 1)(“1'— ,:%i+17 Bi- 1,1:81,1‘+ 1)

g

(I—a;_ l,iBz— 1,i%,i+1 0+ l)(ai,i+1 - IBi,H- ),

1/2
. “i—z,i—l(l“0‘1—1,;:3:'—1.i)(0‘i—2,i—1ai—1,i_,3i—2,i—1ﬁi—l,i) /
(1_‘xi-z,i—1Bf—2,i~1ai—1,i:3i—1,i)(ai—1,i—:8i—1,i)

fie (54)
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660 1000
. “

v

Fig. 2. Analysis of a loss-free circulator designed for operation at four
frequencies. Solid, dashed, and dotted lines represent reflexion, trans-
mission, (1-2), and (1-3).

1005

fIGHz)

[[-133)

TABLE 11
CoOMPARISON BETWEEN DESIGNS OF A DOUBLE-FREQUENCY
CIRCULATOR USING SINGLE- AND MULTIMODE DESCRIPTION.

—
fo/f1 fm/t’1 D (mm) w{mm) | h{mm)
Single mode design 2.176 .228 11.94 1.38 .955
Multimode design 2.124 .236 12.31 1.46 1.01

which gives the n—3 conditions

(l—_al——Z,l—lBi—Z.i—])(l_al,1+lﬁl.l+l)_ (a2, 101, = B2 1 Bor (@11 = B 1iBuish) =1
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TABLE 111
CoMPaRISON BETWEEN CALCULATED (USING SINGLE-MODE
DESCRIPTION) AND MEASURED PERFORMANCE OF THE
DoUBLE-FREQUENCY CIRCULATOR

f] f2
meas. calc. meas. calc
Insertion Joss (dB) 0.4 0.5 0.4 0.5
20 dB bandwidth % 1.6 1.7 0.6 0.4
Ext. field intensity (kA/m) 240 250 240 250
&equency quotient "Z/f1 meas.’ 3.28 calc,: 3.25

IV. CoNCLUSIONS

This paper presents a theory for design and evaluation
of the properties of circulators for multiple-frequency
operation. The theory is developed taking only the domi-
nant resonance mode into account at each circulation
frequency. This approximation is normally acceptable for
narrow-band devices, which has been confirmed in the
experimental example given. For broad-band operation,

(at—Z,tv 17 3172,1—1)(at,1+ 1 Bl,1+1)

for i=3,4,---,n—1. If operation states are found such
that (55) is satisfied, the circulation frequencies are ob-
tained by (51) and by the recurrence formula (53) with
i=3,4,---,n. The design is completed by the use of the
expressions given in the section for double-frequency op-
eration above.

We have found that, for n=4, many of the lower order
mode combinations satisfy (55) approximately. For ins-
tance, with the modes (2,1) and (1,4) above resonance
and (1,4) and (5,5) below resonance the deviation be-
tween the left- and right-hand side of (55) is less than one
percent. Analysis around the four circulation frequencies
gave the result shown in Fig, 2.

In this section circulators with frequency-independent
surrounding material have been discussed. The solution
technique presented is, however, applicable also when the
surrounding material has frequency-dependent properties.

II1.

To give an indication of the validity of the approxima-
tion in taking only the dominant resonance modes into
account, a circulator for double-frequency operation was
built. The mode combination chosen was the (1,1) mode
above resonance at the lower frequency and the (1,2)
mode below resonance at the higher frequency. The com-
ponent was first designed according to the single-mode
theory. This design was then improved by using multi-
mode description whereby the modes up to the third order
were retained. The results are given in Table I1.

The device was built in accordance with the multimode
design. The measured performance is compared with the
one given by single-mode theory in Table II1.

COMPARISON WITH EXPERIMENTS

(1 - a1,2‘1~1 BI—Z,I‘ lal— 1,1Bl~ 1.1)(1 - at—l,lﬁl— l,lat,H-l 1,t+l)

(55)

the single-mode solution can be considered as a first-order
approximation of the actual one, and it can be used as a
starting point for a multimode solution.

As analytic solutions to the equations describing multi-
ple-frequency operation have been found, the computing
time is negligible, a fraction of a second by the use of
conventional computers. Therefore, maps of solution
areas of the types exemplified in this paper which require
a great number of designs are also produced inexpen-
sively. Such maps enable rapid evaluation of possible and
optimal solutions for given applications.

The loaded Q value as given by the new expression (43)
has been tested against a computed one according to (13)
and (40) where the corresponding difference approxima-
tion has been used to simulate the derivative. The very
good correspondence obtained verifies that (41) gives an
excellent approximation of the inputl impedance in a close
vicinity of the center frequency.
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The Magnetic-Dipole Resonances of Ring
Resonators of Very High Permittivity

MARLEEN VERPLANKEN anDp JEAN VAN BLADEL, FELLOW, IEEE

Abstract—The lowest magnetic-dipole mode with symmetry of revolu-
tion is investigated in a coaxial ring resonator of height L, inner radius b,
and outer radius a. Theoretical data are given about the O of the mode,
the eigen magnetic dipole at resonance, and the structure of the fields
(electric and magnetic) inside and outside the resonator. The variables
are the dielectric constant ¢, = N? and the dimensionless ratios 5/a and
L/2a. The data are valid in the limit of very high ¢,. Experiments show
them to be already useful at €. =35.

1. INTRODUCTION

HE NEED to miniaturize microwave circuits has

given a new impetus to the use of dielectric resona-
tors. Dielectric resonators are not new and were first
proposed some forty years ago [1]. Their use at microwave
frequencies, however, depended on the availability of
materials with sufficiently high e,, sufficient temperature
stability, and sufficiently low losses. Such materials now
exist, and dielectric resonators find applications in micro-
wave telecommunications systems, e.g., in 18-GHz oscilla-
tors (where they can be used instead of invar cavities),
and in the design of compact waveguide and microstrip
filters.

A shape which is very popular, because of its intrinsic
mechanical simplicity, is the pillbox shown in Fig. 1. Most
available data concern this geometry and its ¢-indepen-
dent modes. These modes belong to two families:
electric-dipole modes with azimuthal H field, and mag-
netic-dipole modes with azimuthal E field. The former
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Fig. 1. Dielectric resonator (pillbox) with boundary surfaces.

have been investigated in a previous article [2]. The latter,
often called TE,; , modes, are the object of the present
report.

The first analyses of the TE,, modes [3]-[5] were
conducted under the assumption that cavity walls S, S,,
and S, are magnetic short circuits, i.e., that H is per-
pendicular to the walls. The mode components are, for
such cases,

w,
E,=— J—B—‘%Jl(ﬁr) cos

H,=Jy Br) cos

nmz
L

nmz

nw . nmz .
H,= —,li']‘( Br) sin 5 (n an integer or zero). (1)

Coefficient 8 is quantized by the boundary condition
Jo(Ba)=0. The resonant frequency follows from the rela-
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